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TGM TAT

K&t cdu dam trén nén dan hai [a k&t cdu phd bign trong xay
dung cang trinh, vi du nhu: Ddm mdng dat trén nén dan hai,
hé phao ndi trén mat nwac, hé coc trong dat, ta vet trén nén
da ballast... Cho d&n nay, sd lreng cac nghién ciu vé loai ket
cdu nay rat phong phi, cd cd theo hudng phan tich [y thuygt,
phan tich sd va hueang thi nghigm. Ma hinh trong tac gita dém
va nén ciing rét da dang nhu: Ma hinh nén tuyén tinh Winkler
veri mat hé sd nén, Filonenko-Borodich, Pasternak vai hai he
sd nén...; md hinh nén phi tuyén dang mat chiu, dang phi
tuyén bac cao. Trong nghién ciru nay, tac gia dang thai sir
dung md hinh nén Winkler, ma hinh lign ket dj hwang va phan
ttr ddm-nén dj heang dé phan tich mat sd bai toan dién hinh
dé tir do dva ra cac so sanh teong ddi vé higu qua cia cac
ma hinh trén.

Tir khéa: Dam trén nén dan hai, dwang sat, phi tuyén, lien két dj
hurang, ddm-nén di heang.

ABSTRACT

Beam structures on elastic foundations are commaonly

encountered in civil engineering applications, such as
foundation beams resting on elastic soils, floating systems on
water surfaces, pile systems in soil and railway sleepers on
ballast layers. To date, there has been a wealth of research
on this type of structure, encompassing theoretical analysis,
numerical methods and experimental investigations. The
models describing the interaction between the beam and
the foundation are also diverse, including the linear Winkler
foundation model with a single foundation modulus, the
Filonenko-Borodich model and the Pasternak madel with two
foundation parameters. In addition, there exist nonlinear
foundation models, such as one-dimensional nonlinear and
higher-order nonlinear models. In this study, the author
employs the Winkler foundation model, the anisotropic
foundation connection model and anisotropic beam-foundation
finite elements to analyze several representative problems.
Based on these analyses. comparative evaluations of the
effectiveness of the aforementioned models are presented.
Keywords: Beam on elastic foundation. railway, nonlinearity,
anisotropic coupling, anisotropic beam-foundation system.

ISSN 2734-9888 | 05.2025 XAYDUNG [171



NGHIEN CUU KHOA HOC

1.DAT VAN BE

Hién nay, cdc m6 hinh tinh dam trén nén dan hoi rat phong
phu va da dang. Tuy nhién, trong tinh toan thiét k& cong trinh hau
hét chua xét dén su khong tiép xuc gilra dam va nén. Khi tinh toan,
cac tac gia thudng sir dung cac mé hinh nén ¢ mét hé s6 nén hoac
hai hé s& nén. Cac cong bé c6 thé ké dén nhu: Vi Dinh Lai va cong su
[1], LéuTho Trinh va cong su [2], Anil K. Chopa [3] gidi thiéu phuong
phap tinh dam trén nén dan hoi theo mé hinh theo Winkler cé mét
hé s6 nén; Vi Thi Bich Quyén [4] tinh dam trén nén dan hoi véi mo
hinh nén Winkler bang phuong phap phan ti bién; Pham Hoang
Anh [5] tinh dam trén nén dan héi ¢ diéu kién bién phuc tap véi
moi hinh nén Winkler bdng phuang phap giai tich.

Dé m6 phéng gan véi Ung xU thuc té€ cGla dam trén nén dan
hoi, cac tac gia da xem xét dén su ti€p xuc va khéng tiép xuc gilia
dam va nén: Z. Celep va cac cdng su [6] khao st tac dung déng cda
dam dai hiiu han trén nén mot chiéu; Diego Froio va cac cong su [7],
phan tich dam trén nén phi tuyén, dudi tac dung cla tai trong thay
d8i theo thai gian di dong; P. Castro Jorge va céc cdng su [8] nghién
ctiu tdc dung ctia dam hai dau lién két khép trén nén dan héi, chiu
tac dung cua tai trong khéng déi di dong véi mé hinh nén Winkler,
nén mot chiéu va nén phi tuyén bac 3; Cristiano Viei Rodrigues [9]
phan tich dam trén nén phi tuyén, chju tac dung ctia bd dao déng di
doéng bang phuong phap phan ti hiru han; D. Froio va cac cong su
[10] s&r dung phuong phap s6 tinh dam gian don trén nén phi tuyén
bac 3, dudi tac dung cla tai trong thay déi theo thdi gian di dong;
S.M. Abdelghany va cac cong su [11] khao sat ing xU ctia dam trén
nén phi tuyén, chiu tac dung cla tai trong di déng bang phuong
phap Galerkin va Runge-Kutta; Salih N Akour [12] phan tich déng
dam trén nén phi tuyén chiu tac dung cla tai trong diéu hoa phan
b6 trén bé mit dam, st dung phuong phap Runge-Kutta dé giai; D6
Xuan Quy va cac cong su [13] nghién ctiu Uing xt ca hoc clia thanh
c6 lién két di hudng chiu tac dung cda tai trong déng; D6 Xuan Quy
va cac cdng su [14] nghién ctu thuc nghiém tng x{ ¢6 lién két di
hudng chiu tac dung cua tai trong dong; D6 Xuan Quy va cdng su
[16] phan tich tinh dam trén nén dan héi c6 ké dén su khong tiép
xuc gita dam va nén st dung phan t& dam-nén di huéng.

Trong bai bdo nay, nhém tac gia st dung phuong phéap phan
tl hitu han dé phan tich tinh dam trén nén dan hoi véi mé hinh nén
Winkler, mé hinh lién két di hudng va phan t&r dam-nén di hudng,
tur d6 dua ra cac danh gia, so sanh vé tinh hiéu qua ctia ba mé hinh
nén nay.

2. MO HiNH TiNH DAM TREN NEN DAN HOI

2.1.Tuong tac giita dam va nén

Hinh 1 la so d6 bién dang ctia dam trén nén dan hoi khi chju tac
dung cua tai trong tap trung P. Gilta dam va nén cé doan ti€p xuc va
c6 doan khéng ti€ép xuc v6i nhau. Thong thudng, doan dam va nén
khéng tiép xuc véi nhau xuat hién khi dam 6 chiéu dai 16n va c6 do
cting nhé. Trong nghién cdiu nay, tac gia st dung mo hinh nén Winkler,
mé hinh lién két di hudng va mé hinh ddm-nén di huéng dé mé ta su
tuong tac gitta dam va nén. Theo mo hinh Winkler, dam va nén luén
ludn ti€p xuc véi nhau, phan luc ctia nén vao day dam ty lé thuan véi
chuyén vi ctia day dam & d6. M6 hinh lién két di huéng va mé hinh
dam-nén di hudng, phan luc clia nén vao day dam cling c6 ty 1& thuan
vdi chuyén vi ctia dam, trong do6 c6 xét dén su thay ddi do cling cla
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nén khi chiéu ctia chuyén vi thay déi. Cong thuc tinh phan luc nén vao
day dam nhu sau:

.

Puong truc dim

Puong dan héi cua dam lP

-__,__l-_‘_,_'-,;__‘ ______ ;*_.4.‘_._,_}._

Dém tiép xtic v&i nén Dam khéng tiép xiic véi nén

Hinh 1. S d6 bién dang cia dam trén nén dan hoi

-V6i m6 hinh nén Winkler [1]:

p=cw (1)

Trong dé: p - Phan luc cia nén; ¢ - B cling clia nén; w - DO vong
clia nén.

-V&i mo hinh nén di hudng va dam-nén di hudng [13, 14, 16, 171:

P:%(W_Wo)"‘?lw—wﬂ @

Trong do: c,, c, - DO cling clia nén khi ddm c6 chuyén vi xuéng
dudi, lén trén; w, - DO léch chudn, mé t3 nén bi ép trudc hoic gida
dam va nén c6 khe ha. Véi trudng hop dam chiu luc nhu Hinh 1, 1y ¢
=0,w,=0.

2.2. M6 hinh tinh

2.2.1. Theo mé hinh Winkler

IP=10kN

2
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Hinh 2. M6 hinh tinh dam trén nén dan héi
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Hinh 3. M6 hinh tinh phan t& dam trén nén dan hoi

DPé& tinh dam trén nén dan héi bang phuong phap phan ti hiu
han véi mé hinh nén Winkler, dam va nén duogc r&i rac héa thanh cac
phan tl dam trén nén dan héi nhu Hinh 2. Theo d6, dam duoc chia
thanh n phan td, tuong tng nén cling dugc chia thanh n phan. Gop
phan t&r dam véi nén phia dudi thanh phan ti dam trén nén dan héi
[15] (Hinh 3).

Phan t& dam trén nén dan héi [15] c6 ma tran dé cung:

[kl = [k,] +[k,] (3)



www.tapchixaydung.vn

12E) 6EJ 12EJ 6EJ
a? a? ) a?
6E] 4E] 6EJ 2E] @
N iy
1 12EJ 6E] 12EJ 6EJ
e Tz a? T ar
6E] 2E] 6E] 4E]
a? a a? a
13 1, 9 13
35 ~210%¢ 704 320
1 1 13
e aad —_— rm3 —_——_———rnt —_— rn3
k) =| 2107 105 420" 140 ““ s
: 9 13, 3 n G
70 320 35 ¢ 210
13 1 11 1
i 2 - 3 — 2 — 3
420 140° 210°® 1054

Trong do: [K], [k ], [k,] - Ma tran d6 cling clia phan tir dam trén
nén dan héi, phan t& dam, phan ti nén dudi dam; c - D6 cling clia
nén; a - Chiéu dai phan t; E - Mé-dun dan héi vat liéu dam; J - M6-
men quan tinh chéng u6n clia mat cat ngang dam; F - Dién tich mat
cat ngang dam.

2.2.2. Theo mé hinh lién két di huéng

Véi mé hinh lién két di hudng, dam dugc chia thanh n phan ti
¢ nut dau Niva nat cudi Ni+1. Nén dugc chia thanh n+1 phan duoc
mo hinh bang mot lién két di hudng dat tai cac nat clia cac phan tu
dam. Méi phan nén nhan cac nat dam lam trung tdm, md réng sang
hai bén trai phai dén gilta cac phan td dam lan can. Riéng & dau
dam, phan nén dé kéo dai tir dadu dam dén gilta phan t& dam lan can
vé phia trong ctia dam (Hinh 4).

Ln Ln+l
Hinh 4. M6 hinh tinh dam trén nén dan hi véi hé lién két di hudng

Phan lyc cla lién két di huéng dugc tinh bang cong thuc (2).
Phan tlr dam c6 ma tran dé ciing dugc tinh nhu cong thic (4).
: nén co .d(r : Wy

2.2.3. Theo mé hinh ddm-nén dj huéng
;
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Hinh 5. M@ hinh phan t( ddm-nén di huéng

Theo mé hinh nay, dam va nén cling dugc rdi rac thanh n phan
t dam-nén di hudng tuang tu nhu trudng hgp tinh theo mé hinh
nén Winkler (Hinh 2). M&i hé gém dam va nén trong pham vi clia n6
dugc mé hinh héa thanh mét phan ti dam-nén di huéng (Hinh 5).
Tuong tac clia nén vao day dam dugc tinh theo cong thic (2).
Ma tran do cing ctia phan t dam-nén di huéng dugc tinh theo
cong thuc (6) [16].
[kI=[k, 1+[k, ] (6)
Trong do: [K], [k ], [k,] - Ma trén d6 cing clia phan tif dam-nén
di hudng, phan ti dam, phan ti nén dudi dam. Ma tran dé cing
cla phan t&r dam dugc tinh nhu céng thic (4). Ma tran d6 cling cla
phan tir nén dugc tinh theo céng thic (7).
TPy, TP,  Thy TPy
= |The TP TPy TP, 7)
2 TPy TPy TPy TP34
TP‘M TPZ'i TP,'M TP44
V6i ham dang ctia phan t& dam la ham bac 3. Theo [16], phan
t dam-nén di huéng c6 4 loai: Loai 1 - Dudng dan héi dam khéng
cat duong chuédn w,; Loai 2 - Budng dan hoi dam cat dudng chuén
w, tai mét diém; Loai 3 - Duong dan héi dam cit dudng chuadn w, tai
2 diém; Loai 4 - Dudng dan héi dam cét dudng chudn w tai ba diém.
Méi loai phan ti dam-nén di hudng lap dugc cong thiic tinh ma tran
d6 cling nén [k,] riéng (chi tiét c6 phu luc).

3. TINH DAM TREN NEN PAN HOI BANG PHUGNG PHAP
PHAN TU HO'U HAN

3.1.Theo mo hinh Winkler

Phuong trinh co ban clia phuong phap phan ti hitu han dugc
viét nhu sau:

[KKA={P} (8)

Trong dé: [K] - Ma tran d6 cling téng thé clia két cau, {A} - Vector
chuyén vi clia dam, {P} - Vector tai trong. Ma trdn dé cing [K] cGa két
cdu dugc xay dung trén ¢ s& ma tran d6 ciing clia cac phan tir dam
trén nén dan héi nhu céng thuc (3).

Hé phuong trinh tuyén tinh (8) dugc giai bang phuong phap
khir Gauss. Nghiém clia phuong trinh 1a chuyén vi clia cac nat phan
tl& dam, tir d6 tinh ra ndi luc va chuyén vi cac diém con lai trén dam.

3.2.Theo mé hinh lién két di huéng

Phuong trinh co ban ctia phuong phap phan ti hitu han dugc
Viét [17]:

[KI{AH{N(A)}={P} 9)

Trong dé: [K] - Ma tran d6 cuing t8ng thé ctia két cau, dugc xay
dung trén co s& ma tran do cing cac phan ti dam (4); {N(A)} - Vector
phan luc lién két, dugc thanh 1ap trén co s cong thic tinh phan luc
lién két (2).

Do {N(A)} I1a ham phi tuyén nén hé phuong trinh (9) la hé phi
tuyén. Tac gid st dung phuang phap ldp Newton dé gidi bai toan
nay. Trinh ty giai hé (9) nhu sau:

Budc 1. Cho vector chuyén vi nit mét gia tri ban dau A=A’

Budc 2. Gidi hé phuang trinh I3p, tim sé gia cta chuyén vi nat
dDI theo phuang phap Newton. Tinh lai gia tri vector chuyén vi nit:
D=D?+dD,

Budc 3. Kiém tra diéu kién héi tu. Néu théa méan, diing chuong
trinh. Néu khéng thoa man, quay lai Budc 1.

3.3.Theo mé hinh dam-nén di huéng
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Phuong trinh co ban clia phuong phéap phan ti hitu han dugc
viét nhu sau:

[KKA={P} (10

Trong do: [K] - Ma tran dé ciing téng thé cla két cau, dugc
xay dung trén co sd ma tran d6 cling clia cac phan ti dam - nén dj
huéng (6).

Do trong (6) c6 chia [k,], ma [k,] chi xac dinh dugc r6 rang khi
biét chinh xac dugc dudng dan héi clia phan tir dam tuong Ung nén
[K] khéng thé tinh ngay dugc, hay hé phuaong trinh (10) Ia hé phuong
trinh phi tuyén. D€ giai hé phuong trinh (10), tac gia st dung phuong
phap lap Newton, trinh ty gidi dugc thuc hién nhu sau:

Trinh tu gidi phuong trinh (10):

- Budc 1. Cho vector chuyén vi {A} = 0, lap vector tai trong {P},
lap ma trdn d6 ciing cGa phan ti dam [k 1.

- Budic 2. Suy ra thong sé dau cac phan td, xac lap dudng dan hoi
clia cac phan tlr, [dp ma tran do6 cling clia nén tuong ting [k.], lap ma
tran dé ciing cda phan t&r dam-nén di huéng tuong ting, lap ma tran
d6 cuing két cau. Gidi phuang trinh (10) dugc vector chuyén vi {A }.

- Budc 3. Kiém tra diéu kién ding lap: Néu théa man thi ding
tinh toan, néu khéng théa man thi cho vector chuyén vi méi theo
phuong phap gidi Iap Newton va quay lai Budc 1.

4. DANH GIA HIEU QUA PHAN TiCH DAM TREN NEN PAN
HO6I CHIU TAC DUNG CUA TAI TRONG TiNH
*Pdt bai todn:

P=10kN

Hinh 6. Ddm cong-xon trén nén dan hoi

M6t dam cong-xon chiu lyc nhu Hinh 6. Mt cat ngang dam c6
J=833cm* F =100 cm? Vat liéu c6 E=2.10*kN/cm% Nén c6 ¢, = 10
kN/cm?, ¢, =0, w, = 0. Phan tich d6 vong cta dam theo cdc mé hinh
Winkler, lién két di hudng va dam-nén di huéng. M6 hinh phan ti
dam-nén dj huéng

Két qui tinh dé ving lon nhat evia dam khi rod rac hoa dam véi so leong
phian b khic nhau.
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Hinh 7. D6 vong l6n nhat, nhd nhat ctia dam héi tu khi s6 lugng phan t& dd ln

*Loi gidi:

- V@i tiing mo hinh, dam dugc rdi rac hda thanh s6 lugng phan
t tdng dan. Phan tich cho thay két qua phan tich theo ca ba mé
hinh déu héi tu dan khi s6 lugng phan ti tang dan (Hinh 7). K&t qua
phan tich cudi cling sé la két qua phan tich (ng véi s6 luong phan
t&r du 16n dé khi tang s6 lugng phan ti két quéa phan tich do van
khoéng déi.

Hinh 8 la két qua phan tich dam & ba mé hinh véi cing dé hoi
tu giéng nhau. Két qua cho thdy, dé dat dugc muic do hoi tu khoang
0,01% vé d6 vong Ién nhat thi mé hinh dam-nén di hudng va mé
hinh Winkler chi can chia dam thanh 10 phan t{, trong khi d6 moé
hinh lién két di huéng can dén 200 phan t. Diéu nay la két qua cua
viéc ca hai moé hinh dam-nén dj huéng va Winkler déu thuc hién
xay dung cac “siéu” phan tir gém ca dam va nén, cung gia dinh ham
dang la bac 3. Trong khi d6, mé hinh lién két di hudng lai gan ding
nén thanh hé cac lién két di hudng nén no can phai cé s6 lugng 1én
han méi c6 thé cho két qua héi tu dugc.

Bicu do 46 ving
01
s | kot RPY e it e, - TS
0 | ——Winider - |0PT i = B a T N
0,005 f”
= 0t f
Zoms 4
% om
@ gms
003
0,085
0,4
2,05
o i} 40 a0 a0 Loo 120 140 160 130 200
x (cm)
Do Vo Winkler| LKDH | DNDH
PYOIE | 10pT) | (200PT) | (10PT)
Lin nlnil{cm] 0‘0393r 0,0399| 0,0399
= r F
Sai s0 (%) 0,0096( 0,0101] 0,0093
Nho phat (cm)| -0.0023] -0.0049| -0.0049
Sai 50 (%) 0,0048) 10,0189 0,0033

Hinh 8. Két qua phan tich dam véi cac mé hinh khac nhau 6 cing mdc d hoi tu
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Tuy nhién, cling theo Hinh 8 cho thay, két qua phan tich theo
mé hinh dam-nén di huéng va mé hinh lién két di huéng rat sat
nhau, khac so v6i mo hinh Winkler (1,504% vé d6 véng I6n nhat
va 53,0610% vé do vong nho nhat). Nguyén nhan cé su khac biét
nay la do trong dam c6 xuat hién mét doan chuyén vi 1&n trén, lic
nay mé hinh Winkler khéng thé mé ta dugc su tach ra gilta dam va
nén, hai mé hinh kia mé ta bang hé s6 nén ¢, = 0. Hay c6 thé néi
rang: VGi trudng hop nay, mé hinh dam-nén di huéng va mé hinh
lién két di huéng cho két qua phan tich sat véi ing xUr cta thuc té
clia dam hon.

Théng qua khao sat nay cho thdy, téc do hoi tu ciia mo hinh
Winkler va mé hinh ddm nén-di huéng la nhanh nhat, nhung téng
thai gian tinh toan ctia mé hinh Winkler sé ngén nhat do khéng
phai gidi Iap. M6 hinh lién két di hudng cho t6c dé héi tu chdm nhat
nhung xu thé héi tu 8n dinh (Hinh 7), khéng c6 su tinh tién “qua”
nhu hai mé hinh kia, nén cé thé sé cho téc dé hoi tu t6t han & nhiing
bai toan phc tap. Mé hinh Winkler chi phu hgp dé phan tich cac
trudng hop dam ti€p xdc hoan toan véi nén, con véi trudng hop
dam khoéng tiép xtc hoan toan véi nén thi nén st dung mé hinh lién
két di hudng hodc dam-nén di huéng.

5. KET LUAN

T4c gia da téng hap, c6 cac phan tich vé viéc stt dung mé hinh
Winkler, ddm-nén di hudng va lién két di hudng trong tinh toan dam
trén nén dan hoi.

Phan tich cho thay: T6c do héi ty, thai gian giai theo mé hinh
Winkler la ngan nhat nhung chi nén ap dung véi trudng hgp dam
ti€p xdc hoan toan véi nén. M6 hinh dam-nén dj hudng va lién két
di huéng cho phép ap dung véi ca trudng hgp dam khéng tiép xuc
hoan toan véi nén. Nhin chung, téc d6 hoi tu ctia mé hinh dam-nén
di huéng nhanh hon so véi lién két di hudng.
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