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TOM TAT

Mot phwong phap truc tiép dwa trén dinh ly dong trong phan tich gié’i han dwoc dé xuét
nham danh gia tai trong gi¢i han cta két cau khung chiju tac dung cla tai trong tinh. Cac
phwong phap phan tich dan héi-déo gia tang truyen thdng ddi hoi phai biét chi tiét toan
bd lich st tai va thuwdng c6 chi phi tinh toan Ion, diéu nay han che kha nang ap dung dbi
v&i cac két cAu phirc tap. Nguwoc lai, cac phwong phap trwc tiép cho phép xac dinh céac
tai trong t&i han ma khéng can theo déi toan bd qua trinh gia tai. Trong nghién ctu nay,
mot cdng thire can trén cho phan tich gi¢i han cta khung dwoc phat trién dya trén cac
trwéng bién dang déo théa man diéu kién kha di dong. Bai toan dwoc xay dwng dwdi
dang mét bai toan téi wu cé rang budc véi ham muc cwc tiéu nang lwong tiéu tan déo. Ky
thuat két hop gitra ham phat va nhan tlr Lagrange duwoc st dung. Cac diéu kién Karush-
Kuhn-Tucker twong &ng dwoc gidi bang cac vong 1ap Newton. Vi du, sé cho khung siéu
tinh chiu tai trong tap trung dwéi dang tai ty 1€ dwoc khao sat chirng minh kha nang hoi
tu nhanh, 6n dinh cla thuat toan. Két qua cho thay, phwong phap dé xuét 1a mét céng cu
hiéu qua va dang tin cay cho phan tich gi¢i han cta két cau khung.

Twr khéa: Phan tich déo két ciu; phan tich gi¢i han; phwong phap can trén; phuong
phép can duai; t6i wu hda phi tuyén; phwong phap phan tlr hivu han.

ABSTRACT

A direct method based on the kinematic theorem of limit analysis is proposed to evaluate



the limit load of frame structures subjected to static loading. Conventional incremental
elastoplastic analysis methods require detailed knowledge of the entire loading history
and often involve significant computational cost, which limits their applicability to complex
structures. In contrast, direct methods allow the determination of critical load levels
without tracing the full loading path. In this study, an upper bound formulation for limit
analysis of frame structures is developed using admissible plastic strain fields within a
kinematic framework. The problem is formulated as a constrained optimization problem
with an objective function defined by the minimization of plastic dissipation energy. A
combined penalty-Lagrange multiplier technique is employed and the corresponding
Karush-Kuhn-Tucker conditions are solved using Newton iterations. A numerical example
of a statically indeterminate frame subjected to concentrated loads under proportional
loading is investigated, demonstrating the fast and stable convergence of the proposed
algorithm. The results indicate that the proposed method provides an efficient and reliable
tool for limit analysis of frame structures.

Keywords: Plastic analysis of structures; limit analysis; upper bound method; nonlinear
optimization; finite element method.

1. DAT VAN PE

Phan tich gi¢i han la mdt bai toan quan trong trong ky thuat xay dwng va co khi, né
la mdt mé hinh toan hoc md ta sy pha hoai clia céac két cAu dan héi-déo khi chiu tai trong
tinh. Cac phuong phap cb dién dé xac dinh tai trong t&i han thwdng dwa trén phan tich
dan héi-déo gia tang. Trong cac phwong phap nay, qua trinh gia tai dwgc chia thanh cac
bwdc nhé va sw phat trién cla ng suat va bién dang duoc theo ddi cho dén khi két cau
bi pha hoai [1, 3, 4, 10]. Mac du vé mat khai niém la don gian, cac phwong phap nay doi
hdi théng tin chi tiét vé toan bd lich st tai va cé chi phi tinh toan cao, dac biét dbi voi
trwdng hop tai trong chu ky. Hon niva, cac kho khan sé nhw ky di (rng suét, van dé hoi
tu va anh hwéng phu thudc dwérng tai cé thé xuét hién trong cac mé phéng phan ti hiru
han dan héi-déo.

DPé khéc phuc nhirtng han ché nay, cac phuong phap truc tiép cho phan tich gidi
han va phan tich thich nghi da dwoc phat trién [1, 3, 5, 7]. Cac phwong phap nay xay
dwng bai toan tinh tai trong gi¢i han két cdu thanh mét bai toan tbi wu toan hoc va cho
phép xac dinh truc tiép cac hé sé tai trong gi¢i han ma khéng can mé phdng toan bé qua
trinh gia tai [1-10]. Dwa trén cac dinh Iy can trén va can duéi cia ly thuyét déo, bai toan
phan tich gi¢i han dwoc xay dwng dwdi dang mét bai toan quy hoach 16i, c6 thé Ia bai
toan cwc dai hoac cuwc tiéu. Péng gdp chinh cla nghién clru nay 1a phat trién mot thuat
toan dua trén phwong phap can trén cho phan tich gi¢i han két cau khung trong khuén
khé phan t& hiru han lién tuc. Céng thirc dwoc dé xuét két hop kj thuat ham phat
(penalty) va nhan tir Lagrange nham chuyén bai toan ti wu phi tuyén cé rang budc thanh
dang co thé duoc giai hiéu qua bang cac vong lap Newton. So v&i cac phwong phap truc
tiép hién cd, cach tiép can nay cung cap mot quy trinh s6 &n dinh, cé tbc d6 hoi tu nhanh
va dé dang trién khai trong phan tich phan t& hiru han.

2. CAC PHUONG PHAP TRUC TIEP CHO BAI TOAN PHAN TiCH DEO KHUNG

Xét mot két cAu khung lam tir vat liéu dan hdi déo ly twéng, chiu hai tai trong ngang
H,V thé hién & Hinh 1. CAc tai trong nay c6 thé thay dbi theo thdi gian véi cing mét hé
s6tylé «.
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Hinh 1. Khung phang chiu tai trong ding va ngang
Muc tiéu cta phan tich gi¢i han I{Bl tim cwc dai cta hé sb « sao cho khung bj pha
hoai b&i dong chay déo. C6 hai cach tiép can dé tim hé sb tai trong gidi han « , phwong
phap tinh va phwong phap déng.
2.1. Phwong phap tinh

Phwong phap tinh hay con goi la phwong phap can dwéi dwa trén dinh ly can dudi
cua phan tich gi¢i han, theo do hé sb an toan dwoc xac dinh nhw 1a hé sé nhan tai 1én
nhéat thda man diéu kién kha di tinh. Bai toan nay dan dén viéc gidi mét bai toan téi wu
phi tuyén dang cwc dai.

Ay =MaXa
—6-V=ab inV

st:<o-n=a’t on S, 1)
f(s) <0 inV

Cac rang budc trong (1) 1an lwgt 1a cac phwong trinh can bang Cauchy, cac diéu
kién bién tinh hoc va cac diéu kién déo.
2.2. Phwong phap déng

Phwong phap can trén hay con goi la phwong phap dong, dwa trén dinh ly dong cua
phan tich gidi han [9, 10]. Hé sO tai trong pha hoai dwoc tinh bang cach giai mét bai toan
t6i wu cwe tiéu c6 rang budc, bai toan dwoc phat biéu nhu sau:

&y, = min | D(&)dV
:(Vﬁ)sym inV
st qu=0 on S,
W, = [ b-udv+[ T-uds=1
\% \%

(@)

Trong (2), ham muc tiéu la nang lwgng tiéu tan déo, cac rang budc chinh la lién hé
gitra tbc d6 bién dang va téc dd chuyén vi trong khung, cac diéu kién bién vé chuyén vij
va cbng ngoai lyc dwoc chuan hoéa.



3. THUAT TOAN PONG CHO BAI TOAN PHAN TiCH DEO KHUNG
3.1. R¥i rac h6a bai toan bang phan tte hiru han

Phuwong phap phan tir hitu han dwoc sk dung dé roi rac hoa bai toan (2). Két cau
khung trong Hinh 1 dwoc chia thanh cac phan t&r hiru han t& giac. Néu sr dung diéu kién
chay déo von Mises, bai toan (2) cé dang roi rac nhw sau:

min Z ~&'Dg +&)
g, :Bu (3)

NG
> welo, =1
i=1

Trong d6: s, 1a (’ng suét chay clia vat lieu; & =[, &, 24,] la vector téc do bién
dang:
1 0 O
D=[0 1 0 |[;&lamdtsddwong rat nhd ( &2 ~107°),ne 1a s cac phan to ti
0 0 1/2
giac lwei FEM cla khung; NG 1a s diém Gauss cia md hinh khung.
3.2. Thuat toan dé giai bai toan (3)
Pé tién cho tinh toan, mot vai bién méi dwoc dwa vao nhw sau:
—w Dllz((-:i ot = D—1/26iE ’ B = WiDl/ZBi ’
DY2 va D2 |a cac ma tran déi xirng théa man:
(D)™ =D va D=(D"*D"?).

Thay thé nhirng bién nay vao bai toan (3) ta c6:
o’ =min i\/gsw/efei +&)
¢, = Bu 4)
Ze t =1

Phwo’ng phap ham phat va phuong phap nhan t&r Lagrange dwoc s dung dong
thdi d& chuyén bai toan (4) vé mét bai toan t6i wu khéng rang budc. Ham Penalty duoc
viét nhu sau:

S.t.

NG

- Se e + e (2B ®

O day,c la hé sb penalty, ¢ > 1. Bai toan (4) bay gi® tré thanh:

a’ :minF

Zet =1 (©)



St dung phuong phap nhan t&r Lagrange bai toan (6) dwoc chuyén sang bai toan
toi wu khdng rang budc v&i ham Lagrange:

L=F, —g{NZG“eiTti —1} 7)

Trong d6: ¢ la nhén t&r Lagrange.

Biéu kién t6i vu Karush-Kuhn-Tucker conditions (KKT) cho ta hé phuong trinh dé
tim |01 giai toi wu:

oL é

— =S, ————|+C(& —B.U)+at. =0 a

aéi {WJ (&) @

oL

—=-cB/ (& -B.u)=0 b 8

au |(| |) () ()
NG

i:ZeiTti -1=0 (c)

oa ‘o

Phwong phap Newton method dwoc 4p dung dé giai hé phwong trinh phi tuyén (8),
chung ta thu dugc:
du = du, +(a +de)du,
de, =(dé;), +(a+da)(de;), (9)
NG

1—§(é?ti)—2(t? )(de),

i=1

3 () (de,),

i=1

a+da=

Trong dé:

du, =-u du, =S7'f,, (d¢), =-¢

(de,), = H'\JeTe, + &2t +.Jele, + s2H'E;*B,du, —Jele, + s2H'E;*H L JeTe, + &2t
H, = (soele +27 )1,

NG ~
S=> B/E'B, (10)

i=1

NG
f,=> BE H™Jele, +&lt,
i=1
I,
E, = [—'h/éiTéi +&l Hi‘l)

C

Thudt toan chi tiét;

- Buéc 1: Khéi tao cac vector ban dau u® and ¢° sao cho di“éu kién (8c) théa man.
Dat cac gia tri ban dau cho cac hé so penalty ¢ va ¢,. Bat cac diéu kién hoi ty, thiét |ap
sO vong lap toi da.

- Buoc 2: Tinh toanS, f, tir (10) tai mdi U va éhién tai.



- Buéc 3: Tinh toén (o +da), du, dé; tir (10).
- Bu6e 4: Tinh toan step-size S, bang viéc giai bai toan phu:
F,(u+pdu, é+p.dé)— min

Tinh toan tbc d6 chuyén vi, tbc d6 bién dang va A nhw sau:

=0+ fdu
&, =&, + Bdé,
a=a+da

- Buéc 5: Kiém tra tiéu chuan hoi tu: Néu tat ca thda man thi tién dén buéc 6, nguoc
lai lap lai cac bwéc 2, 3 va 4.
- Budc 6: Durng.

4.VibDUu SO
Trong vi du nay, ching ta hay tinh toan hé sb tai trong gi¢i han cho khung trong
Hinh 1. kich thwéc khung |, =h=5m, |, =21 =8 m, Taitrong H = 4 kN, V = 8 kN. Cét va

dam c6 cing mé-men chay déo M , =12 kNm. Loi giai giai tich cho bai toan déa cho trong

tai liéu [11]. D& co |oi gidi phan tr htbu han, khung dugec md hinh héa bang 592 phan tl
tr giac. Chieu cao tiét dién dam va khung dwgc chon sao cho &ng suat chay dugc tinh
véiconsd s =M, ~4/(bh2) =12kNm -4/(0,01m- 0,82m2) = 7500 kN/m”.

!
O
;

500cm

4cm 800cm Acm

Hinh 2. Lwéi FEM v&i 592 phan t&r chiv nhat
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Hinh 3. Budng hdi tu cha hé sb tai trong

Thuat toan néu trén cho 1o gidi FEM v&i két qua hé so tai trong a = 1,385 sau 7
vong Iap. Két qua nay nhé hon két qua cla 10i giai giai tich « = 1,52 v&i mé hinh khung
(twong tw mé hinh dam Euler).

5. KET LUAN

Nghién ctru nay trinh bay mét phwong phap truc tiép dé tinh hé sé tai trong gidi han
cta két cAu khung lam tir vat liéu dan déo ly twéng. Cong thirc dwoc dé xuéat dya trén
dinh ly can trén va st dung cac trudng bién dang déo téng kha di trén nén tang phan t
hiru han. Bai toan t6i wu phi tuyén cé rang budc thu dwoc dwoc gidi bang cach két hop
ky thuat ham phat va nhan tlr Lagrange, déng thdi cac diéu kién tdi wu Karush-Kuhn-
Tucker dwoc xtr ly hiéu qua théng qua cac vong I&p Newton. Mét vi du sb vé khung siéu
tinh chiu tai trong tap trung dwéi dang tai ty 1& da dwoc khado sat. Két qua sb cho thay suw
phu hop tét v&i cac nghiém giai tich va cac két qua sb, qua dé khang dinh dd chinh xac
cla phwong phap dé xuat. Ngoai ra, thuat toan thé hién tinh 6n dinh sb cao va kha nang
héi tu nhanh, thuwéng chi can mét sb it vong 1ap.
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